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Unit 2.3

#12 Determine whether each of these functions from Z to Z is one-to-one.

a) f(n) =mn — 1. This function is one-to-one because for every n there is a unique n — 1. Assuming f(n)
is one-to-one, f(n) = f(m) = n—-1=m-1 = n=m.

b) f(n) =n?+ 1. This function is not one-to-one because f(1) = f(—1) = 2.

c) f(n) = n3. This function is one-to-one because for every n there is a unique n3. Assuming f(n) is
one-to-one, f(n) = f(m) = n®=m3 = n=m.
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#20 Give an example of a function from N to N that is

a) one-to-one but not onto.

b) onto but not one-to-one.

or

n is even

f(n>:{+1 n is odd

2

3 I3

¢) both onto and one-to-one (but different from the identity function).

n—1 niseven
f(n) = .
n+1 nisodd

d) neither one-to-one nor onto.

fn) =1
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#22 Determine whether each of these functions is a bijection from R to R.

a) f(r)=-3zv+4
Yes. The function is onto as Vy € R, 3z € R, f(x) = y since f(‘l’TI) = xz. f(z) is one-to-one because
f(x) = fly) = x =y as shown,

flx) = f(y)
—3r+4=-3y+4
—3xr = -3y
rT=y

Therefore, f(x) is a bijection.

b) f(x) =322 +7
No, f(x) is not onto because there is no € R where f(z) = 8, and is not a bijection.
c) flz) =245
No, f(x) is not onto because there is no € R where f(z) =1, and is not a bijection.
d) f(z)=2°+1
Yes. The function is onto as Vy € R, 3z € R, f(x) = y as it is strictly increasing. f(z) is one-to-one
because f(z) = f(y) = z =y as shown,

flx) = f(y)
P +1=9y"+1
25 = of
rT=y

Therefore, f(x) is a bijection.
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#28 Show that the function f(z) = e* from the set of real numbers to the set of real numbers is not
invertible, but if the codomain is restricted to the set of positive real numbers the resulting function is
invertible.

Proof. Since f(z) = e” is not onto as there is no real z where f(z) < 0, it is not invertible. Instead, we
restrict the function to R — R* and let f : R — RT, f(z) = . We prove that the function is one-to-one as
follows,

f(@) = f(y)

e’ =eY

Since the inverse of e* is In(z), we can apply it to both sides. The natural log function has a domain of R
and range of R,

In(e”) = In(e¥)

Y

Therefore f(z) is one-to-one. We can show that the function is onto as the inverse of e” is In(z) and the
range of In(x) is R. Since f(z) is both onto and one-to-one, it is invertible on R — R™T. O
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#34 Suppose that g is a function from A to B and f is a function from B to C. Prove each of these
statements.

a) If f o g is onto, then f must also be onto.

Proof. fog = f(g(x)). Since fogisonto, Vz € C,3x € A, f(g(x)) = z. Since g(z) € B,Vz € C,Jy €
B, f(y) = z. Therefore, f is onto. O

b) If f o g is one-to-one, then g must also be one-to-one.

Proof. Since f(g(x)) is onto (f o g)(a) = (f 0 g)(5) = a = b. Given g(a) = g(b) we can apply f to
both sides to get f(g(a)) = f(g(b)) = a = b. Therefore, g is one-to-one. O

c) If fog is a bijection, then g is onto if and only if f is one-to-one.

Proof. Let f o g be a bijection.

= Assume g is onto, let f(a) = f(b) for some a,b € B. Since g is onto, Jz,y € A, g(z) = a,g(y) = b.
Since f o g is a bijection,

flg(x)) = fl9(y)) = fla) = f(b) = c=d

Therefore, f is one-to-one.

<= Since f and f o g is one-to-one, f(g(z)) = f(9(y)) = f(a) = f(9) = c¢=d. Since fog is
one-to-one,

Va,3b € B, f(g(x)) = f(b) = g(x) =b
Therefore, we have identified a b for every z, and g is onto.

Since we have shown both directions, f is one-to-one if and only if g is onto. O
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#36 If f and f o g are one-to-one, does it follow that g is one-to-one? Justify your answer.

Proof. Yes, we will conduct a direct proof. Assuming g(a) = g(b),

fog)b) Since f o g is one-to-one

Therefore, g is one-to-one. O
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#38 Find fogand go f , where f(x) =22 4+ 1 and g(z) = x + 2, are functions from R to R.

fog=flg(x) =2 +4z+5
gof=g(f()=2>+3
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#74 Suppose that f is a function from A to B, where A and B are finite sets with |A| = |B|. Show that f
is one-to-one if and only if it is onto.

A function f : A — B can map each element of A to a unique element of B. Since |A| = |B|, if f is
one-to-one, then every element of A must be mapped to a different element of B and since |A| = |B|, every
element of B must be mapped to by an element of A. Therefore, f is onto. In the other direction, in order
for f to be onto it has to map every element of A to a distinct element in B since |A| = |B|. Therefore, f is
one-to-one. Since we have shown both directions, f is one-to-one if and only if it is onto.




