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Rushil Umaretiya Discrete Math (Reese Lance Section 003): Homework 4 UNIT 5.1

Unit 5.1

#10

a) Find a formula for
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+ . . .+
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by examining the values of this expression for small values of n.

Given the following equation,

P (n) =

n∑
i=1

1

n(n+ 1)

We can find the following values for P (x) and generalize a formula for P (n).

P (1) =
1

2

P (2) =
1

2
+

1

6
=

2

3

P (3) =
1

2
+

1

6
+

1

12
=

3

4

P (4) =
1

2
+

1

6
+

1

12
+

1

20
=

4

5

P (n) =
n

n+ 1

b) Prove the formula you conjectured in part (a).

Proof. We will prove the formula by induction.

Base Case: n = 1

P (1) =
1

1 + 1
=

1

2

Inductive step: Given P(n), we will prove P(n+1).

P (n+ 1) =

n+1∑
i=1

1

n(n+ 1)

=
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i=1

1
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+
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=
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n+ 2
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#34 Prove that 6 divides n3 − n whenever n is a nonnegative integer.

Proof. Given P (n) = ∃k ∈ Z, n3 − n = 6k, we will show that ∀n ∈ Z+(P (n)) by induction.

Base Case: n = 0

03 − 0 = 6(0)

Inductive step: Given P(n), we will prove P(n+1).

(n+ 1)(n+ 1)3 − (n+ 1) = n3 + 3n2 + 3n+ 1− (n+ 1)

= n3 + 3n2 + 2n

= n3 − n+ (3n2 + 3n)

= (n3 − n) + 3(n)(n+ 1)

Since we are assuming P (n), we can affirm that n3 − n is true. Now we can show that 6 also divides the

second term,

∃k ∈ Z, 3(n)(n+ 1) = 6k

n(n+ 1) = 2k

Since any odd and even integer multiplied together is even, we can affirm that 6 divides 3(n)(n+ 1). Since

we know that,

∀a, b, n ∈ Z,
n|a, n|b =⇒ n|(a+ b).

6 must divide (n3 − n) + 3(n)(n+ 1). Thus P (n+ 1) is true.
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#64 Use mathematical induction to prove that if p is a prime and p|a1a2 · · · an, where ai is an integer for

i = 1, 2, 3, . . . , n, then p|ai for some integer i.

P (n) = ∀a1, a2, . . . , an ∈ Z, p|a1a2 · · · an =⇒ p|ai for some i ∈ Z.

Base Case: n = 1

p|a1 =⇒ p|a1

Inductive Step: Given P(n), we will prove P(n+1).

P (n+ 1) = p|a1a2 · · · anan+1 =⇒ p|ai for some i ∈ Z.

Since we know that p is prime,

p|a1a2 · · · anan+1 =⇒ p|a1a2 · · · an or p|an+1

=⇒ P (n) or p|an+1

=⇒ p|ai for some i ∈ Z or p|an+1

=⇒ P (n+ 1)

We have shown that P (n) =⇒ P (n+ 1), thus P (n+ 1) is true.
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Rushil Umaretiya Discrete Math (Reese Lance Section 003): Homework 4 UNIT 2.1

Unit 2.1

#2 Use set builder notation to give a description of each of these sets.

a) {0, 3, 6, 9, 12}

A = {x ∈ Z+|x = 3n, 0 ≤ n ≤ 4}

b) {-3,-2,-1, 0, 1, 2, 3}

B = {x ∈ Z| − 3 ≤ x ≤ 3}

c) {m,n, o, p}

C = {x|x is a lowercase letter in the alphabet from m to p}
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#6 For each of these pairs of sets, determine whether the first is a subset of the second, the second is a

subset of the first, or neither is a subset of the other.

a) the set of people who speak English, the set of people who speak English with an Australian accent

b) the set of fruits, the set of citrus fruits

c) the set of students studying discrete mathematics, the set of students studying data structures

6



Rushil Umaretiya Discrete Math (Reese Lance Section 003): Homework 4 UNIT 2.1

#12 Determine whether these statements are true or false.

a) ∅ ∈ {∅}

b) ∅ ∈ {∅, {∅}}

c) {∅} ∈ {∅}

d) {∅} ∈ {{∅}}

e) {∅} ⊂ {∅, {∅}}

f) {{∅}} ⊂ {∅, {∅}}

g) {{∅}} ⊂ {{∅}, {∅}}
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#18 Use a Venn diagram to illustrate the relationships A ⊂ B and A ⊂ C.
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#22 What is the cardinality of each of these sets?

a) ∅

b) {∅}

c) {∅, {∅}}

d) {∅, {∅}, {∅, {∅}}}
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#32 Suppose that A×B = ∅, where A and B are sets. What can you conclude?
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#44 Prove or disprove that if A,B, and C are nonempty sets and A×B = A× C, then B = C.
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