
Discrete Math: Homework 4
Due on October 5, 2023 at 11:59pm

Tuesday/Thursday 11:00-12:15, Phillips 383

Reese Lance - Section 003

Rushil Umaretiya

rumareti@unc.edu
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Rushil Umaretiya Discrete Math (Reese Lance Section 003): Homework 4 UNIT 5.1

Unit 5.1

#10

a) Find a formula for

1
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+
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n(n+ 1)

by examining the values of this expression for small values of n.

Given the following equation,

P (n) =

n∑
i=1

1

n(n+ 1)

We can find the following values for P (x) and generalize a formula for P (n).
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P (n) =
n

n+ 1

b) Prove the formula you conjectured in part (a).

Proof. We will prove the formula by induction.

Base Case: n = 1

P (1) =
1

1 + 1
=

1

2

Inductive step: Given P(n), we will prove P(n+1).

P (n+ 1) =

n+1∑
i=1

1

n(n+ 1)

=

n∑
i=1

1

n(n+ 1)
+

1

(n+ 1)(n+ 2)

=
n
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+
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=
n(n+ 2) + 1

(n+ 1)(n+ 2)

=
(n+ 1)2

(n+ 1)(n+ 2)

=
n+ 1

n+ 2

Thus, P (n) =⇒ P (n+ 1) and P (n) is true.
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#34 Prove that 6 divides n3 − n whenever n is a nonnegative integer.

Proof. Given P (n) = ∃k ∈ Z, n3 − n = 6k, we will show that ∀n ∈ Z+(P (n)) by induction.

Base Case: n = 0

03 − 0 = 6(0)

Inductive step: Given P(n), we will prove P(n+1).

(n+ 1)(n+ 1)3 − (n+ 1) = n3 + 3n2 + 3n+ 1− (n+ 1)

= n3 + 3n2 + 2n

= n3 − n+ (3n2 + 3n)

= (n3 − n) + 3(n)(n+ 1)

Since we are assuming P (n), we can affirm that n3 − n is true. Now we can show that 6 also divides the

second term,

∃k ∈ Z, 3(n)(n+ 1) = 6k

n(n+ 1) = 2k

Since any odd and even integer multiplied together is even, we can affirm that 6 divides 3(n)(n+ 1). Since

we know that,

∀a, b, n ∈ Z,
n|a, n|b =⇒ n|(a+ b).

6 must divide (n3 − n) + 3(n)(n+ 1). Thus P (n+ 1) is true.

3
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#64 Use mathematical induction to prove that if p is a prime and p|a1a2 · · · an, where ai is an integer for

i = 1, 2, 3, . . . , n, then p|ai for some integer i.

P (n) = ∀a1, a2, . . . , an ∈ Z, p|a1a2 · · · an =⇒ p|ai for some i ∈ Z.

Base Case: n = 1

p|a1 =⇒ p|a1

Inductive Step: Given P(n), we will prove P(n+1).

P (n+ 1) = p|a1a2 · · · anan+1 =⇒ p|ai for some i ∈ Z.
ak = a1a2 · · · an

= p|akan+1 =⇒ p|ai

Since we assume P (n), we know that p|k =⇒ p|ai. Given that ∀a, b, c ∈ Z, a|b =⇒ a|bc, we can say that

p|akan + 1 =⇒ p|ai and shown that P (n) =⇒ P (n+ 1), thus P (n+ 1) is true.
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Unit 2.1

#2 Use set builder notation to give a description of each of these sets.

a) {0, 3, 6, 9, 12}

A = {x ∈ Z+|x = 3n, 0 ≤ n ≤ 4}

b) {-3,-2,-1, 0, 1, 2, 3}

B = {x ∈ Z| − 3 ≤ x ≤ 3}

c) {m,n, o, p}

C = {x|x is a lowercase letter in the English alphabet, alphabetically from m to p}
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#6 For each of these pairs of sets, determine whether the first is a subset of the second, the second is a

subset of the first, or neither is a subset of the other.

a) the set of people who speak English, the set of people who speak English with an Australian accent

{English speakers with an Australian accent} ⊂ {English speakers}

The set of people who speak English with a Australian accent is a subset of all people who speak

English, as every member of the subset of individuals with an Australian accent are members of the

superset of all English speakers.

b) the set of fruits, the set of citrus fruits The set of all citrus

{all citrus fruits} ⊂ {all fruits}

The set of all citrus fruits is a subset of all fruits, as every member of the subset of citrus fruits are

members of the superset of all fruits.

c) the set of students studying discrete mathematics, the set of students studying data structures

{Students studying discrete mathematics} is not related to {Students studying data structures}

The set of students studying discrete mathematics is not related to the set of students studying data

structures, as there is no overlap between the two sets. Neither is a subset of the other.
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#12 Determine whether these statements are true or false.

a) ∅ ∈ {∅} True. The empty set is a member of the set containing the empty set.

b) ∅ ∈ {∅, {∅}} True. The empty set is a member of the set containing the empty set and the set containing

the empty set.

c) {∅} ∈ {∅} False. The set containing the empty set is not a member of the set containing the empty

set.

d) {∅} ∈ {{∅}} True. The set containing the empty set is a member of the set containing the set containing

the empty set.

e) {∅} ⊂ {∅, {∅}} True. The set containing the empty set is a subset of the set containing the empty set

and the set containing the set containing the empty set.

f) {{∅}} ⊂ {∅, {∅}} True. The set containing the set containing the empty set is a subset of the set

containing the empty set and the set containing the set containing the empty set.

g) {{∅}} ⊂ {{∅}, {∅}} True. Both of these sets are equivalent, therefore the set containing the set

containing the empty set is a subset of the set containing the set containing the empty set and the set

containing the set containing the empty set.
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#18 Use a Venn diagram to illustrate the relationships A ⊂ B and A ⊂ C.
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#22 What is the cardinality of each of these sets?

a) ∅
The cardinality of the empty set is 0.

b) {∅}
The cardinality of the set containing the empty set is 1.

c) {∅, {∅}}
The cardinality of the set containing the empty set and the set containing the empty set is 2.

d) {∅, {∅}, {∅, {∅}}}
The cardinality of the set contianing the empty set, set containing the empty set, and an additional

set is 3.
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#32 Suppose that A×B = ∅, where A and B are sets. What can you conclude?

Either set must be empty, as the cartesian product of two sets is the set of all ordered pairs of elements from

the two sets. If the cartesian product is empty, then is no elements in at least one of the sets.
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#44 Prove or disprove that if A,B, and C are nonempty sets and A×B = A× C, then B = C.

The definition of the cartesian product is that A × B = {(a, b)|a ∈ A, b ∈ B}. If A × B = A × C, then

∀a ∈ A, b ∈ B, ∃c ∈ C, (a, b) = (a, c). Since the first element of the ordered pair is the same, b = c. Thus

B = C.

We can also conduct a proof by contradiction, given A×B = A×C we assume B ̸= C. We can assume that

∃x, x ∈ B, x /∈ C. We can also assume that since A is nonempty, there exists some value y in A. According

to the definition of the cartesian product, (y, x) ∈ A× B. Since A× B = A× C, (y, x) ∈ A× C. However,

since x /∈ C, (y, x) /∈ A× C. This is a contradiction, therefore B = C.
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