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Unit 2.5

#8 Show that a countably infinite number of guests arriving at Hilbert’s fully occupied Grand Hotel can be
given rooms without evicting any current guest.

Given that every room in the hotel has a occupied, we would place the first arriving guest in the first room.
We would then move the guest in the first room to the second room, move the second room guest to the
third room, and so on moving every guest in room n to room n + 1. Since Hilbert’s Grand Hotel has an
infinite amount of rooms, this is possible. We would repeat this process for every arriving guest, thereofre
showing that a countably infinite number of arriving guests can be given rooms without evicting any current
guest.
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#22 Suppose that A is a countable set. Show that the set B is also countable if there is an onto function f
from A to B.

Proof. An onto function would be one that maps all elements of A to B. Since A is countable, we can list
all elements of A as ay, as,as, ... Since f is onto, we can list all elements of B as f(a1), f(az2), f(as), ... Since
we can list all elements of B, B is countable. O]
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#40 Show that if S is a set, then there does not exist an onto function f from S to P(S), the power set of S.
Conclude that |S| < |P(S)|. This result is known as Cantor’s theorem. [Hint: Suppose such a function
f existed. Let T = {s € S|s ¢ f(s)} and show that no elements can exist for which f(s) =T]

Proof. Suppose such a function f existed. Let T = {s € S|s ¢ f(s)}. Since T' € P(S), there must exist some
s € S such that f(s) =T. However, if s € T, then s ¢ f(s), and if s ¢ T', then s € f(s). Therefore, no such
s can exist, and f cannot be onto. Since f cannot be onto, |S| < |P(S)]. O
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Unit 6.2

#6 There are six professors teaching the introductory discrete mathematics class at a university. The same
final exam is given by all six professors. If the lowest possible score on the final is 0 and the highest possible
score is 100, how many students must there be to guarantee that there are two students with the same
professor who earned the same final examination score?

To solve this problem, we can use the Pigeonhole Principle. The principle states that if n items are put into
m containers, and n > m, then at least one container must contain more than one item. Since we have six
professors that can each give scores ranging from 0 to 100, we have 101 possible scores for each professor.
Therefore the total number of unique combinations of scores and professors is

101 x 6 = 606

In order to guarantee a repeat we will add one, resulting in 607 students necessary to guarantee that there
are two students with the same professor with the same score.
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#10 Show that if f is a function from S to T, where S and T are finite sets with |S| > |T|, then there are
elements s; and sy in S such that f(s1) = f(s2), or in other words, f is not one-to-one.

Given that |S| > |T|, we can use the Pigeonhole Principle to show that there are elements s; and sy in S
such that f(s1) = f(s2). Since |S| > |T|, there must be at least one element in S that maps to the same
element in 7. Therefore, f is not one-to-one.
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Unit 6.3

#14 In how many ways can a set of two positive integers less than 100 be chosen?

= 4851

<99) 99! 99! 99 x 98

2) 7 2199 —2)1 20971 2
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#26 How many ways are there for three penguins and six puffins to stand in a line so that

For these problems we can treat the group that needs to stand together as a single unit.

a) all puffins stand together?

If all the puffins are standing together then there are 4! ways all the units can stand and 6! ways all
the puffins can stand, producing a total of

4! x 6! =24 x 720 = 17280

b) all penguins stand together?

If all the penguins are standing together then there are 7! ways all the units can stand and 3! ways all
the penguins can stand, producing a total of

7! x 3! = 5040 x 6 = 30240




